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COMPARISONS BETWEEN PERIODIC, ANALYTIC AND
LOCAL CYCLIC COHOMOLOGY
RALF MEYER
Abstrat. We ompute periodi, analyti and loal yli ohomology for
onvolution algebras of ompat Lie groups in order to exhibit dierenes be-
tween these theories. A surprising result is that the periodi and analyti yli
ohomology of the smooth onvolution algebras dier, although these algebras
have nite homologial dimension.
1. Introdution
Cyli ohomology is a non-ommutative generalization of de Rham homology.
Besides yli ohomology itself, there are several variants like periodi yli o-
homology, entire yli ohomology and loal yli ohomology (see [4, 5, 12℄). As
in [9℄, we use the more appropriate name analyti yli ohomology instead of
entire yli ohomology in this note. We denote these theories by HP∗ (peri-
odi), HA∗ (analyti) and HL∗ (loal), respetively. We ompute themtogether
with the dual homology theoriesfor some onvolution algebras of ompat Lie
groups. We onsider these apparently trivial examples beause they learly exhibit
dierenes between the three theories.
Throughout this note, K is a ompat Lie group. Sine we aim for ounterexam-
ples, it would be suient to onsider only the irle group S1. We allow general
ompat Lie groups beause this reates no additional diulties. Let C∗(K) be
the group C∗-algebra of K, and let C∞(K) and H(K) be the dense subalgebras
of smooth funtions and of oeients of nite dimensional representations of K,
respetively. For K = S1, we get
C∗(S1) ∼= C0(Z), C
∞(S1) ∼= S(Z), H(K) ∼=
⊕
n∈Z
C,
where the produt on the right hand sides is the pointwise one and S(Z) is the
spae of rapidly dereasing sequenes.
It follows from the general properties of the loal theory that the natural maps
HL∗(H(K))→ HL∗(C
∞(K))→ HL∗(C
∗(K))← K∗(C
∗(K))⊗Z C
are all isomorphisms. The last map is the Chern-Connes harater. A similar
assertion holds in ohomology. Thus the loal theory provides a perfet desription
of the de Rham (o)homology of the spae of representations Kˆ.
In order to show that the Chern-Connes harater above is an isomorphism, we
prove a Universal Coeient Theorem for the bivariant loal yli ohomology
of C∗-algebras. If A and B are C∗-algebras that satisfy the UCT in bivariant
Kasparov theory, then there is a natural isomorphism
HL(A,B) ∼= Hom(K∗(A)⊗Z C,K∗(B) ⊗Z C)
of graded omplex vetor spaes.
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For the very small subalgebra H(K), all three yli theories still agree, both in
ohomology and homology. This follows easily from their behavior for diret sums,
whih we investigate in Setion 3.
For C∞(K) the omputation of Hohshild, yli and periodi yli ohomol-
ogy is still straightforward beause C∞(K) is biprojetive. This implies also that
its homologial dimension is at most 2. It is remarkable that the natural maps
HP∗(H(K))← HP∗(C∞(K)), HP∗(H(K))→ HP∗(C
∞(K))
fail to be isomorphisms. Thus the periodi theory is surprisingly sensitive to the
hoie of a smooth subalgebra. If we want to desribe the de Rham homology of
Kˆ by periodi yli ohomology, the subalgebra C∞(K) is not yet small enough.
We have to go down further to H(K).
General properties of the theories show that analyti and loal yli homology
oinide for our three examples. In ohomology suh a result is not available. At
the moment, diret omputations of analyti yli ohomology seem to be impos-
sible. The only available general method to ompute it is to use its homologial
properties, in partiular, six term exat sequenes. However, sine the periodi
and analyti theory have the same homologial properties, this method an only
work for algebras for whih the two theories agree. Nevertheless, we an use the
Chern-Connes harater in K-homology to onstrut non-trivial analyti yli o-
yles. We an even show that the natural map from the analyti to the loal yli
ohomology is surjetive both for C∞(K) and C∗(K).
As a result, analyti and periodi yli (o)homology must dier for C∞(K),
although this algebra has nite homologial dimension. Hene Khalkhali's result
that periodi and analyti yli ohomology agree for a Banah algebra of nite
homologial dimension fails for these very elementary nulear Fréhet algebras.
2. Preparations
We do not inlude the denitions of the yli theories we are onsidering be-
ause that would take too muh spae. We refer the reader to [4, 5, 8, 9, 12℄. All
yli ohomology theories are dened for algebras with additional struture like a
topology or bornology. For the analyti and loal theory, it is essential to use either
bornologial algebras or indutive systems. Sine this setup may be unfamiliar to
many readers we briey explain what bornologial vetor spaes are. See [9℄ for
further details and referenes.
A omplete bornologial vetor spae is a vetor spae V together with a bornol-
ogy, whih is a olletion S(V ) of subsets that are alled bounded. The prototypial
example of a bornology is the family of bounded subsets of a (quasi)omplete
loally onvex topologial vetor spae, whih we all the von Neumann bornology.
We equip the smooth onvolution algebra C∞(K) with this bornology. Thus a
subset S ⊆ C∞(K) is bounded if and only if the funtions D(f) : K → C for f ∈ S
are uniformly bounded for any dierential operator D on K.
Another example is the ne bornology, whih is dened on any vetor spae.
It onsists of the bounded subsets of nite dimensional subspaes. We equip the
algebra H(K) with this bornology. Notie that the topology of H(K) is muh more
ompliated to desribe than its bornology.
For loal yli ohomology it is important to hoose a smaller bornology than
the von Neumann bornology. If A is a Banah algebra or a C∗-algebra, we always
equip it with the preompat bornology, whih onsists of preompat subsets of A.
In a omplete spae a subset is preompat if and only if it is relatively ompat if
and only if it is ontained in a ompat subset. In partiular, this is the bornology
we hoose on C∗(K). For the Montel spae C∞(K), the von Neumann bornology
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and the preompat bornology oinide. Otherwise, we should not have hosen the
von Neumann bornology on C∞(K).
We have to use the preompat bornology beause approximation results in
Banah spaes usually hold uniformly on preompat subsets, but not on von Neu-
mann bounded subsets. For instane, the identity map on a Banah spae with
Grothendiek's approximation property an be approximated uniformly on preom-
pat sets by nite rank maps. Similarly, an asymptoti morphism is approximately
multipliative uniformly on preompat subsets, but usually not on von Neumann
bounded subsets.
Sine we use the preompat instead of the von Neumann bornology in the def-
inition of analyti yli ohomology for Banah algebras, we get more analyti
oyles than in the usual denition of entire yli ohomology in [5℄. Our ompu-
tations also show that this hange of bornology has a drasti eet on the resulting
theory.
The right morphisms between bornologial vetor spaes are the bounded maps.
Moreover, we have an obvious notion of a bounded (bi)linear map. A bornologial
algebra is a bornologial vetor spae with a bounded assoiative multipliation. It
is straightforward to verify that H(K), C∞(K) and C∗(K) with the bornologies
dened above are omplete bornologial algebras.
The ompleted bornologial tensor produt ⊗ˆ is dened by a universal property
for bounded bilinear maps. We use this ompleted tensor produt to onstrut the
omplexes omputing the various homology theories. For our examples we have
isomorphisms of bornologial vetor spaes
H(K) ⊗ˆ H(K) ∼= H(K ×K), C∞(K) ⊗ˆ C∞(K) ∼= C∞(K ×K).
The spae C∗(K) ⊗ˆ C∗(K) is more ompliated.
The periodi yli theory is usually dened for topologial algebras. It is shown
in [9℄ that for Fréhet algebras with the preompat bornology, our bornologial ap-
proah yields the same Hohshild, yli and periodi yli (o)homology groups
as the topologial approah. We even get the same omplexes. This equivalene
between topology and bornology is based on Grothendiek's results about ompat
subsets of projetive tensor produts.
The bornologial approah is muh more exible than the topologial approah.
There seems to be no onvolution algebra on a ompat Lie group whih is a Fréhet
algebra and yields the orret periodi yli ohomology. We have to use H(K),
whih is best viewed as a bornologial algebra (or as an algebra without additional
struture).
A separately ontinuous bilinear map dened on (quasi)omplete topologial
vetor spaes is automatially bounded. Hene any quasi-omplete loally onvex
algebra with separately ontinuous multipliation beomes a bornologial algebra
when equipped with the von Neumann or preompat bornology. Therefore, the
bornologial tensor produt is similar to the ompleted injetive tensor produt
for topologial vetor spaes, whih is universal for separately ontinuous bilinear
maps. However, it enjoys muh better properties beause boundedness is a more
tratable ondition than separate ontinuity. For instane, the bornologial tensor
produt is assoiative, the ompleted injetive tensor produt is only assoiative
under additional assumptions.
Studying bounded subsets of a bornologial vetor spae means that we approx-
imate a bornologial vetor spae from within by Banah spaes. In fat, the basi
struture theorem about omplete bornologial vetor spaes asserts that eah suh
spae an be written in a anonial way as an indutive limit of Banah spaes.
Furthermore, this onstrution identies the ategory of omplete bornologial ve-
tor spaes with a full subategory of the ategory of indutive systems of Banah
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spaes. The indutive systems that ome from bornologial vetor spaes have the
additional property that the struture maps are all injetive.
For the homologial algebra behind the loal yli theory, it is useful to allow
arbitrary indutive systems. Therefore, Pushnigg denes loal yli ohomology
on the ategory of indutive systems of Banah algebras. He also allows indutive
systems of admissible Fréhet algebras. A Fréhet algebra is alled admissible if and
only if there is an open neighborhood of zero suh that for any ompat subset S ⊂
U , its multipliative losure
⋃
∞
n=1 S
n
is again preompat. For instane, Banah
algebras and smooth subalgebras of Banah algebras (in the sense of Pushnigg [12℄)
are admissible Fréhet algebras. However, sine any admissible Fréhet algebra an
be written as an indutive limit of Banah algebras, this seemingly greater generality
only makes the notation more ompliated.
We remark that a omplete bornologial algebra need not be an indutive limit of
Banah algebras beause there may be no multipliatively losed bounded subsets.
For instane, the group ring of an innite disrete group is never an indutive limit
of Banah algebras. It is possible, but tehnially diult, to extend Pushnigg's
theory to the larger ategory of algebra objets in the ategory of indutive systems
of Banah spaes. It is easier to transport loal ohomology to the bornologial
ategory. This approah yields equivalent results in all relevant appliations. We
will show this in a forthoming artile.
Fortunately, the bornologial algebras that we have to onsider are all indu-
tive limits of Banah algebras. The Peter-Weyl theorem asserts that H(K) is a
ountable diret sum of matrix algebras, the sum being indexed by the irreduible
representations of K. The algebras C∞(K) and C∗(K) are even admissible Fréhet
algebras beause the multipliative losure of any ompat subset of the open unit
ball of C∗(K) is again preompat.
We will stay away from the details of the mahinery of loal yli ohomology,
where indutive systems play a rle. As a result, we may just as well work in the
more intuitive setup of bornologial algebras.
3. Behavior for diret sums
Both for the omputation of the theories for H(K) and for the proof of the
Universal Coeient Theorem for the loal yli theory, we need the ompatibility
of the various yli theories with (ountable) diret sums. The diret sum in the
ategory of bornologial algebras is just the algebrai diret sum equipped with
the oarsest bornology making the inlusions of the summands bounded. Hene a
subset of
⊕
j∈J Aj is bounded if and only if it is ontained in and bounded in a
nite sum
⊕
j∈F Aj for some nite subset F ⊆ J .
Proposition 3.1. Let (Aj)j∈N be a sequene of omplete bornologial algebras and
let A :=
⊕
Aj be the bornologial diret sum. Let B be another bornologial algebra.
Then we have:
HH∗(A) ∼=
⊕
HH∗(Aj), HH
∗(A) ∼=
∏
HH∗(Aj),
HC∗(A) ∼=
⊕
HC∗(Aj), HC
∗(A) ∼=
∏
HC∗(Aj),
HA∗(A) ∼=
⊕
HA∗(Aj), HA
∗(A,B) ∼=
∏
HA∗(Aj , B),
HL∗(A) ∼=
⊕
HL∗(Aj), HL
∗(A,B) ∼=
∏
HL∗(Aj , B),
For the loal theory, we have to assume all Aj and B to be indutive limits of
Banah algebras in order for the theory to be dened.
Proof. All assertions are easy to obtain for nite sums. For the analyti and loal
yli theory, this additivity follows from exision. Although Hohshild and yli
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(o)homology do not satisfy exision in omplete generality, they do satisfy it for
diret sum extensions (see [8℄). We will redue ountable sums to nite sums.
The Hohshild, yli and analyti yli (o)homology of A are all dened
as the (o)homology of ertain omplexes C(A) assoiated to the algebra A in
a natural way. For the loal theory, we have to take the loal ohomology of
the same omplex as for the analyti theory, viewed as an indutive system of
omplexes. However, sine loal ohomology enjoys even better properties than
ordinary ohomology, this is only a notational hange. For the bivariant theories,
we have to onsider morphisms C(A)→ C(B) in an appropriate (loal) homotopy
ategory. Again this only reates notational problems. What we really have to
show is that C(A) is hain homotopi to the diret sum of the omplexes C(Aj) for
all theories we onsider. We will use that this is true for nite sums. The proof of
additivity for nite sums atually yields this stronger statement in all ases.
We will not dene the omplexes C(A) here beause we only use simple formal
properties. Besides naturality and the result for nite sums, we need the following
ompatibility with indutive limits: if (A′n) is a sequene of bornologial algebras
with injetive struture maps A′n → A
′
n+1, then C(lim−→
A′n) = lim−→
C(A′n).
We apply this to A′n :=
⊕n
j=1 Aj . Sine A is the bornologial diret limit of (A
′
n),
we onlude that C(A) is the bornologial diret limit of the omplexes C(A′n) for
n→∞. Sine A′n−1 is a retrat of A
′
n, the omplex C(A
′
n−1) is a diret summand
of C(A′n). Write C(A
′
n) = C(A
′
n−1)⊕Xn. Then we have C(A
′
n) = X1 ⊕ · · · ⊕Xn.
As a result, C(A) ∼=
⊕
Xn. Additivity for nite sums implies that the omplexes
C(An) and Xn are hain homotopi. Thus C(A) is hain homotopi to the diret
sum
⊕
C(Aj). The assertions of the proposition follow. 
We do not have a general assertion about diret sums in the seond variable of
the analyti and loal yli theories. This should be expeted beause diret sums
and produts do not ommute.
It is remarkable that the periodi theory may behave quite badly with respet
to diret sums. The periodi yli ohomology is isomorphi to the indutive
limit of the yli ohomology groups with respet to the periodiity operator S.
Sine the yli ohomology of a diret sum is a diret produt, the periodi yli
ohomology of a diret sum is an indutive limit of diret produts. However, diret
produts and indutive limits do not ommute!
4. The Universal Coeffiient Theorem
The loal yli theory has very good funtorial properties on the ategory of
C∗-algebras. This is the soure of the Universal Coeient Theorem (UCT) below.
It sues to state it for the bivariant theory beause
HL∗(A) := HL∗(C, A), HL
∗(A) := HL∗(A,C).
Reall that C∗-algebras are always equipped with the preompat bornology.
Theorem 4.1 (Universal Coeient Theorem). Let A and B be separable C∗-alge-
bras that satisfy the Universal Coeient Theorem in Kasparov's KK-theory. Thus
A and B are KK-equivalent to ommutative C∗-algebras.
Then there are natural isomorphisms
HL(A,B) ∼= Hom
(
HL∗(A),HL∗(B)
)
∼= Hom
(
K∗(A) ⊗Z C,K∗(B) ⊗Z C
)
.
Proof. First we prove that the Chern-Connes harater is an isomorphism
(1) K∗(B)⊗Z C ∼= KK∗(C, B)⊗Z C ∼= HL∗(C, B) = HL∗(B)
provided that B satises the UCT in KK-theory. This already proves that the
seond map in the theorem is an isomorphism. There is a bivariant Chern-Connes
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harater KK → HL beause HL is a stable exat homotopy funtor in both vari-
ables and KK-theory is universal among suh theories. Invariane for ontinuous
homotopies and C∗-stability for HL are proved in [12℄. Exision is proved in [11℄
(see also [9, 10℄).
Sine a separable C∗-algebra satises the UCT if and only if it is KK-equivalent
to a ommutative C∗-algebra, it sues to prove the assertion for B in the bootstrap
ategory (see [2℄). This is the smallest lass of separable nulear C∗-algebras that
• ontains C;
• is losed under KK-equivalene;
• is losed under ountable diret sums;
• is losed under extensions in the following sense: if two C∗-algebras in an
extension belong to the lass, so does the third.
In [2℄, the third ondition is replaed by the seemingly stronger requirement of being
losed under ountable indutive limits. However, a mapping telesope argument
shows that indutive limits an be redued to diret sums and pull baks and pull
baks an be redued to extensions (see [13℄).
Hene it sues to show that the lass of separable nulear C∗-algebras for
whih (1) holds has these properties. Sine HL0(C,C) = C and HL1(C,C) = 0, it
ertainly ontains C. It is also losed under KK-equivalene by the existene of the
bivariant Chern-Connes harater. It is losed under ountable diret sums beause
HL(C,
⊕C∗
Bj) ∼=
⊕
HL(C, Bj)
for any sequene of C∗-algebras (Bj). Here
⊕C∗
Bj denotes the diret sum in the
ategory of C∗-algebras. This diret sum is HL-equivalent to the bornologial diret
sum by Theorem 3.15 of [12℄. Sine the nite sums are retrats of the innite sum,
the tehnial assumption for that theorem is satised. Hene the laim follows from
Proposition 3.1.
An extension of separable nulear C∗-algebras automatially has a bounded, even
ompletely positive, linear setion. Hene it gives rise to six term exat sequenes
both in K∗⊗ZC and HL∗. A diagram hase shows that our lass is losed under
extensions. As a result, (1) holds for all B in the bootstrap ategory.
Next we onsider the lass of separable nulear C∗-algebras A for whih the
produt in loal yli ohomology gives rise to an isomorphism
HL(A,B)→ Hom(HL∗(A),HL∗(B))
for all bornologial algebras B. We laim that this lass ontains the bootstrap
ategory. The proof of this laim will omplete the proof of the theorem.
The omputation of HL∗(C) shows that C belongs to this lass. Again the lass
is losed under KK-equivalene beause of the existene of the bivariant Chern-
Connes harater. The same arguments as above treat diret sums and extensions.
Hene the lass ontains the bootstrap ategory. 
We remark that if the UCT is true, then the Chern-Connes harater
KK(A,B) ⊗Z C→ HL(A,B)
is always injetive and has dense range in an appropriate sense. Nevertheless, it
fails to be an isomorphism for A = C∗(K) and B = C.
5. Computation of loal yli ohomology
Sine C∗(K) is a C∗-diret sum of matrix algebras, it belongs to the bootstrap
ategory. Hene the UCT of the previous setion applies. The K-theory of C∗(K)
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vanishes in odd degrees and is isomorphi to the representation ring R(K) of K in
even degrees. Hene
HL0(C
∗(K)) ∼= R(K)⊗Z C, HL1(C
∗(K)) ∼= {0},
HL0(C∗(K)) ∼= HomZ(R(K),C), HL
1(C∗(K)) ∼= {0}.
Sine R(K) has a ountable basis, we an identify HL0(C
∗(K)) and HL0(C∗(K))
with the diret sum and the diret produt of ountably many opies of C.
Proposition 5.1. The inlusions H(K) ⊆ C∞(K) ⊆ C∗(K) are HL-equivalenes
and hene indue isomorphisms in loal yli (o)homology.
Proof. We laim that Theorem 3.2 in [12℄ applies to our situation. It yields that the
inlusions H(K) → C∗(K) and H(K) → C∞(K) are isomorphisms in his stable
strongly almost multipliative homotopy ategory. Hene they areHL-equivalenes
and the proposition follows.
To apply Pushnigg's result, observe that H(K) is a diret sum of nite dimen-
sional matrix algebras and hene the inreasing union of a sequene (Vn) of nite
dimensional subalgebras. We have already remarked above that C∗(K) and C∞(K)
are separable admissible Fréhet algebras. We also need to know that they possess
Grothendiek's approximation property. This is lear beause C∗(K) is nulear as
a C∗-algebra and C∞(K) is nulear as a loally onvex vetor spae. 
Thus the omputation of the loal theory for our three algebras follows immedi-
ately from the general properties of the theory.
Sine we an ompute the loal yli (o)homology of H(K) diretly using
Proposition 3.1, we an also use Proposition 5.1 bakwards to ompute the lo-
al yli (o)homology of C∗(K) without appealing to the Universal Coeient
Theorem.
6. Computation of periodi yli ohomology
The Peter-Weyl Theorem yields that H(K) is a diret sum of matrix algebras,
one for eah representation of K. Using Morita invariane and Proposition 3.1, we
nd that its Hohshild (o)homology vanishes exept in dimensions ≥ 1 and
HH0(H(K)) ∼= R(K)⊗Z C, HH
0(H(K)) ∼= HomZ(R(K),C).
Thus Connes's SBI-sequene, whih relates Hohshild and yli (o)homology, is
highly degenerate and yields isomorphisms
HC2n(H(K)) ∼= R(K)⊗Z C, HC2n+1(H(K)) ∼= {0},
HC2n(H(K)) ∼= HomZ(R(K),C), HC
2n+1(H(K)) ∼= {0},
for all n ∈ N, the periodiity operator S being the identity. Hene
HP0(H(K)) ∼= R(K)⊗Z C, HP1(H(K)) ∼= {0},
HP0(H(K)) ∼= HomZ(R(K),C), HP
1(H(K)) ∼= {0}.
As a result,
HP∗(H(K)) ∼= HL∗(H(K)) ∼= K∗(C
∗(K))⊗Z C
and dually for ohomology.
The yli type homology theories of C∞(K) are similarly easy to ompute. This
omputation is also a trivial speial ase of results of Vitor Nistor and others on
the yli homology of rossed produts. The following lemma asserts that C∞(K)
is a biprojetive Fréhet algebra (see [1, 6℄).
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Lemma 6.1. The map
σ : C∞(K) → C∞(K) ⊗ˆ C∞(K) ∼= C∞(K ×K), σf(g0, g1) := f(g0 · g1),
is a C∞(K)-bimodule setion for the multipliation map
m : C∞(K) ⊗ˆ C∞(K)→ C∞(K), f1 ⊗ f2 7→ f1 ∗ f2.
Thus C∞(K) is projetive as a C∞(K)-bimodule.
Its ommutator quotient is isomorphi to the spae C∞(K/AdK) of smooth
funtions onK that are onstant on onjugay lasses, that is, invariant with respet
to the adjoint ation.
Proof. See [9℄ for the isomorphism C∞(K) ⊗ˆ C∞(K) ∼= C∞(K × K). It is lear
that σ is a well-dened bounded linear map. It is a setion for m beause the
onvolution takes the form m(h)(g) =
∫
K
h(gg1, g
−1
1 ) dg1 on C
∞(K × K). The
bimodule struture on C∞(K) is dened by left and right onvolution, the bimodule
struture on C∞(K) ⊗ˆ C∞(K) is dened by left onvolution on the left and right
onvolution on the right fator. These ations of C∞(K) are integrated forms of
group ations of K on these spaes, dened by λgf(g1) = f(g
−1g1), λgh(g0, g1) :=
h(g−1g0, g1), ρgf(g1) = f(g1g) and ρgh(g0, g1) := h(g0, g1g). It is trivial to hek
that σ is equivariant with respet to these group ations. Hene it is a bimodule
map with respet to their integrated forms.
To prove that C∞(K) is projetive as a bimodule, we iterate σ and onsider the
orresponding map
C∞(K)→ C∞(K3) ⊆ C∞(K)+ ⊗ˆ C∞(K) ⊗ˆ C∞(K)+.
Here C∞(K)+ is the spae obtained by adjoining a unit to the non-unital algebra
C∞(K). This map is still a bimodule map and a setion for the multipliation
map. Sine C∞(K)+ ⊗ˆC∞(K) ⊗ˆC∞(K)+ is a prototypial free bimodule, C∞(K)
is projetive.
To ompute the ommutator quotient of C∞(K), we onsider C∞(K) as a diret
summand of C∞(K)+ ⊗ˆ C∞(K) via the map σ ◦m. The ommutator quotient of
the latter bimodule is anonially isomorphi to C∞(K). A omputation shows
that the map σ ◦m indues on ommutator quotients the map
P : C∞(K)→ C∞(K), Pf(g) :=
∫
K
f(h−1gh) dh.
This is exatly the projetion onto the spae of invariants under the adjoint ation.
Clearly, a smooth funtion is invariant under the adjoint ation if and only if it is
onstant on onjugay lasses. 
The lemma implies that C∞(K) is H-unital (see also [3℄). Thus the Hohshild
homology of C∞(K) an be omputed from a projetive bimodule resolution of
C∞(K), we do not have to use C∞(K)+. Sine C∞(K) is itself a projetive bi-
module, there is a trivial projetive resolution. Consequently, Hohshild homology
and ohomology vanish in dimensions ≥ 1 and
HH0(C
∞(K)) ∼= C∞(K/AdK), HH0(C∞(K)) ∼= C∞(K/AdK)′.
We proeed as for H(K) to ompute the yli and periodi yli theories and get
HP0(C
∞(K)) ∼= C∞(K/AdK), HP1(C
∞(K)) ∼= {0},
HP0(C∞(K)) ∼= C∞(K/AdK)′, HP1(C∞(K)) ∼= {0}.
Thus the periodi and loal yli (o)homology of C∞(K) dier and the image of
K∗(C
∗(K))⊗Z C under the Chern-Connes harater is a proper dense subspae of
HP∗(C
∞(K)).
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One an show that the anonial map
HP0(C∞(K))→ HL0(C∞(K)) ∼=
∏
n∈NC
is a bijetion onto the spae of sequenes of at most polynomial growth. Therefore,
C∞(K/AdK) ∼= S as a bornologial vetor spae. This follows also from the
struture theory of nulear topologial vetor spaes beause C∞(K/AdK) is both
a subspae and a quotient of C∞(K).
To estimate the homologial dimension of the algebra C∞(K), we have to on-
sider resolutions of C∞(K)+, not of C∞(K). Nevertheless, biprojetivity implies
that the homologial dimension is at most 2 (see also [6℄).
Lemma 6.2. The C∞(K)-bimodule C∞(K)+ has a projetive bimodule resolution
of length 2. Thus the homologial dimension of the algebra C∞(K) is at most 2.
Proof. Sine C∞(K)+ is an extension of the trivial bimodule C by the projetive
bimodule C∞(K), it sues to onstrut a resolution of length 2 for C. This
resolution an then be pathed together with the trivial projetive resolution of
length 0 of C∞(K). Abbreviate A := C∞(K). The resolution of C is simply the
tensor produt of two opies of the extension A→ A+ → C, that is,
C←− A+ ⊗ˆA+ ←− A ⊗ˆA+ ⊕A+ ⊗ˆA←− A ⊗ˆA←− 0.
The bimodule struture on eah summand is the obvious one. Sine A is projetive
as a bimodule, it is a fortiori projetive as a left or right module. Hene this is a
projetive resolution of the trivial bimodule of length 2. 
We do not really are about the periodi yli (o)homology of C∗(K) beause
we do not expet the periodi theory to yield good results for C∗-algebras, anyway.
Nevertheless, we give the result in ohomology beause we will use it below and
beause it is easy to obtain using the amenability of C∗(K). Moreover, sine the
spae of irreduible representations of C∗(K) is 0-dimensional, the result atually
is not too bad in this ase. Sine C∗(K) is a nulear C∗-algebra, it is an amenable
Banah algebra, so that HHn(C∗(K)) = 0 for n ≥ 1 (see [7℄). The spae of bounded
traes on C∗(K) is isomorphi to the spae ℓ1(Kˆ, dim), where dim denotes the
measure that gives an n-dimensional irreduible representation volume n. Hene
HP0(C∗(K)) ∼= HH0(C∗(K)) ∼= ℓ1(Kˆ, dim), HP1(C∗(K)) = {0}.
We remark that Khalkhali shows that the entire and periodi yli ohomology
agree for amenable Banah algebras like C∗(K). However, he works with the von
Neumann bornology. The story is totally dierent for the preompat bornology!
7. Computations in analyti yli ohomology
In all relevant appliations, we have HA∗ ∼= HL∗. Suh an isomorphism should
be expeted beause H∗(lim−→
Ci) = lim−→
H∗(Ci), that is, the homology of an indutive
system of omplexes is already loal.
However, the analyti and loal theory also involve a ompletion and the om-
pletion in the ategory of bornologial vetor spaes may be badly behaved and, in
partiular, non-loal. The problem is that the naïve ompletion need not be sepa-
rated, so that we may have to divide out a losure of {0}. In general, this losure
may be surprisingly big and diult to desribe loally. Nevertheless, essentially
the only ompletions we need are ompletions of tensor produts of spaes that are
already omplete. Usually nothing goes wrong with suh ompletions. Problems
an only ome from a very serious failure of Grothendiek's approximation property.
If our bornologial algebra is nulear (or, more generally, satises the bornologial
analogue of the approximation property), or if it is a Fréhet algebra equipped with
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the preompat bornology, then the ompletions are automatially separated, so
that no problems appear. We will explain this in a forthoming artile.
The algebra H(K) is nulear, C∞(K) is both nulear and Fréhet and C∗(K) is
a Fréhet algebra. As a result, we have HA∗ ∼= HL∗ in these ases, so that
HA∗(H(K)) ∼= HA∗(C
∞(K)) ∼= HA∗(C
∗(K)) ∼= HL∗(C
∗(K)).
It is surprising that analyti and periodi yli homology are dierent for C∞(K)
despite the nite homologial dimension.
Sine ordinary ohomology is not loal, there is no analogue of this in oho-
mology. In fat, the omputation of analyti yli ohomology is usually quite
diult. For H(K), we get through with Proposition 3.1 alone. We see that the
periodi, analyti and loal theories agree. For the bigger algebras C∞(K) and
C∗(K), we annot ompute the analyti yli ohomology. We only show that it
is bigger than the periodi theory. This is straightforward using the Chern-Connes
harater onstruted in [9℄.
It is well-known that in the entire theory there is a Chern-Connes harater for
θ-summable Fredholm modules (see [5℄). In fat, this was Connes's motivation to
introdue the theory. In [9℄, a dierent onstrution is exhibited that produes
a Chern-Connes harater for arbitrary Fredholm modules without summability
onditions, that is, a natural transformation
ch: K∗(A)→ HA∗(A)
for separable C∗-algebras A. Its omposition with the natural map HA∗(A) →
HL∗(A) is the Chern-Connes harater in loal yli ohomology onstruted by
Pushnigg.
The Chern-Connes harater an only exist if A is equipped with the preom-
pat bornology. If A is an amenable Banah algebra, then the result of Khalkhali
mentioned above shows that there an be no interesting Chern-Connes harater
with values in the analyti yli ohomology of A equipped with the von Neumann
bornology.
Proposition 7.1. The anonial maps
HA∗(C∗(K))→ HL∗(C∗(K)) ∼= HL∗(C∞(K))← HA∗(C∞(K))
are surjetive.
Proof. Sine HL1 = 0 in both ases, we only have to onsider the even ohomology.
The group K0(A) is isomorphi to the spae Hom(R(K),Z) by the universal oe-
ient theorem. We identify this with the group ZKˆ =
∏
ρ∈Kˆ Z of funtions Kˆ → Z.
Sine analyti yli ohomology is a vetor spae over C, the Chern-Connes har-
ater yields a map
ch: ZKˆ ⊗ C ∼= K0(C∗(K))⊗ C→ HA0(C∗(K))→ HA0(C∞(K)).
If we ompose these maps with the natural map to the loal yli ohomology, we
get the anonial map ZKˆ ⊗ C →
∏
C = CKˆ . It is easy to see that a funtion
Kˆ → C belongs to its image if and only if its entries are ontained in some nitely
generated subgroup of C.
Traes on C∗(K) generate another subspae of HA0(C∗(K)), whih is mapped
onto the spae ℓ1(Kˆ, dim). Sine C has dense nitely generated subgroups, any
sequene in C an be deomposed as (an)+(bn) with a sequene (an) whose entries
lie in a nitely generated subgroup and a sequene (bn) ∈ ℓ
1(Kˆ, dim). Therefore,
the map HA0(C∗(K)) → HL0(C∗(K)) is surjetive. This holds a fortiori also for
C∞(K). 
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It is quite plausible that analyti and loal yli ohomology should agree for
C∗(K) or at least for C∞(K). However, the author does not know how to prove this.
Anyway, the proposition shows that HA∗(C∞(K)) is bigger than HP∗(C∞(K)),
that is, the natural map HP∗(C∞(K)) → HA∗(C∞(K)) is not surjetive. This is
striking beause C∞(K) has nite homologial dimension.
8. Conluding remarks
If the analyti or loal yli theories dier from the periodi theory, then they
yield results loser to K-theory. This is partiularly obvious from the Universal
Coeient Theorem for the loal theory. Hene it would be interesting in onne-
tion with the Baum-Connes onjeture to ompute the loal or the analyti yli
homology for group algebras (both are isomorphi).
It is hard to oneive of a denition of nite dimension for topologial or born-
ologial algebras that exludes the biprojetive algebra C∞(K). Hene we should
expet dierenes between the periodi and analyti theory also for nite dimen-
sional algebras, at least if their K-theory is not nitely generated. It seems plausible
that the existene of a nitely summable real spetral triple with suiently good
properties should guarantee equality between the three yli theories. If this spe-
tral triple is a fundamental lass, we get Poinaré duality between K-theory and
K-homology. While this is a reasonable assumption for non-ommutative manifolds,
it exludes algebras with innitely generated K-theory like the onvolution algebras
of ompat Lie groups studied above. Hene suh a onept of nite dimensionality
may not be suiently widely appliable.
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